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Abstract
Disformal transformation is a generalisation of the well-known conformal transformation
commonly elaborated in mainstream graduate texts in gravity (relativity) and modern
cosmology. This transformation is one of the most important mathematical operations in
scalar tensor theories attempting to address pressing problems involving dark energy and
dark matter. With this topic yet to penetrate these texts, we present a pedagogically
oriented derivation of the disformal transformation of the Einstein-Hilbert action. Along
the way of calculation, we encounter apparently problematic terms that could be construed
as leading to equations of motion that go beyond second order in derivatives, signalling
instability. We demonstrate that these terms can be eliminated and absorbed through the
definition of the Riemann curvature tensor. The transformed Einstein-Hilbert action turns
out to be a special case of the Horndeski action and the equations of motion for the scalar
field that it describes are all up to second order only in derivatives, implying stability.
keywords: disformal transformation, Einstein-Hilbert action, Horndeski action,
Ostrogradsky theorem
1 Introduction
The conformal transformation of the metric gµν in-
volves the change gµν → ĝµν = Agµν , where the hat
indicates the new metric, A = A(φ) is the conformal
factor, and φ is some scalar field. It is a scaling trans-
formation that locally preserves angles between curves
in the spacetime that the metric describes; the infinites-
imal light cones are invariant. The topic of conformal
transformation is commonly found in graduate texts
in relativity and modern cosmology; see for instance,
Refs. [1, 2, 3, 4, 5, 6]. The discussion in these texts usu-
ally involves the transformations, in sequence, from the
Christoffel symbol, Riemann tensor, Ricci tensor, and
scalar curvature, to the Einstein-Hilbert action. Ow-
ing to the fact that the transformed Einstein-Hilbert
action is a new action involving a nonminimally cou-
pled scalar field to gravity, conformal transformation
finds its significance in relating nonminimally theories
to the Einstein-Hilbert action. In quantum cosmology,
such relationship is extended to the gauge-invariant
primordial cosmological perturbations—the quantum
seeds that gave way to galaxies and clusters of galax-
ies that constitute the visible Universe. These pertur-
bations are invariant under conformal transformation
[7, 8, 9], including their regularized power spectrum
[10, 11] within the context of inflationary cosmology
[12, 13].
The concept of disformal transformation [14] was
introduced by Bekenstein to relate geometries of the
same gravitational theory. It is a generalization of the
conformal transformation. Given a metric gµν , disfor-
mal transformation takes the form1 given by
gµν → ĝµν = A(φ)gµν +B(φ)φ;µφ;ν , (1)
where the semicolon denotes a shorthand for covari-
∗AL Alinea is no longer affiliated with Osaka University but part of this work was done during his last years in the said university.
1 This is certainly not the most general form of disformal transformation. But in this work, we focus our attention to this special
case and simply call it disformal transformation.
2 Obviously, φ;µ = ∂µφ. We find it convenient to write φ;µ in preparation for terms such as φ;µν .
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ant differentiation2; i.e., ∇µφ = φ;µ. The functional
B(φ) is the disformal factor. Needless to say, when
B = 0, the transformation reduces to the usual confor-
mal transformation. Being a more general transforma-
tion, it introduces a richer set of possibilities for the
transformed metric. For instance, disformal transfor-
mation, in general, does not locally preserve angles,
unlike that of the conformal transformation. The light
cones may narrow depending on the form of B(φ). At
times, some of these possibilities may be unphysical;
e.g., flipping of sign of the metric. In such cases, A
and B have to subject to some constraints; see the
next section.
Nowadays, we know that the sphere of importance
of disformal transformation goes way beyond the first
call in Ref. [14]. To cite a few, it is a symmetry trans-
formation of the massless Klein-Gordon equation [15]
and the Maxwell’s equations [16]. Furthermore, the
gauge-invariant primordial cosmological perturbations
are invariant under disformal transformation. The
symmetry of these perturbations are extended from
conformal transformation to disformal transformation
within the context of the Horndeski theory (see Refs.
[17, 18, 19, 20, 21]). In the study of black holes in the
context scalar tensor theories, disformal transforma-
tion can be used to investigate regions of the solution
space and their symmetry [22]. Within the same frame-
work, disformal transformation plays a significant role
in the generalization of the Einstein-Hilbert action to
possibly address pressing problems about dark energy
[23, 24] and dark matter [25].
In spite of these, disformal transformation is yet
to penetrate mainstream graduate texts on modern
cosmology and gravity. In scientific literature, result
on disformal transformation for the scalar curvature,
for instance, is often quoted without the footprints of
derivation. Certainly, the use of Computer Algebra
System with suitable tensor package can make the cal-
culation fast and “easy”. However, we are of the opin-
ion that appropriate train of logic should be understood
first before simply using a calculator to add numbers.
It is in this spirit that we put forth our first objective
in writing this paper, namely, to present a pedagogi-
cally oriented derivation of the Einstein-Hilbert action
suitable for graduate students. We hope to present
a sufficiently detailed calculation, following effectively
the same logic as in the respected graduate texts men-
tioned above. This time however, instead of confor-
mal transformation, we deal with the more complicated
disformal transformation, from the metric to the trans-
formed scalar curvature, which in turn, effectively leads
to the transformed Einstein-Hilbert action.
Our second objective is about the nature of the
transformed action; in particular, its stability for the
field φ. As we shall see, the disformal transformation
of the Einstein-Hilbert action results in some “curious”
terms that could possibly lead to equations of motion
beyond second order in derivatives. Based on the Os-
trogradsky theorem, this could imply that the associ-
ated energy is not bounded from below; therefore, the
system that the action describes could be unstable. We
wish to demonstrate that the apparently problematic
terms can be made to cancel or be absorbed through
the Riemann curvature tensor. This results in disfor-
mally transformed Einstein-Hilbert action with corre-
sponding equations of motion for the field φ that are
second order in the derivatives. In other words, the
action describes a stable scalar-tensor theory for φ.
This paper is organized as follows. In the following
section, Sec. 2, we present a pedagogically oriented
derivation of the disformal transformation of several
quantities including the Christoffel symbol, Ricci ten-
sor, and Ricci scalar. In principle, once the calculation
for the transformations of the scalar curvature and the
metric determinant is done, we can simply write out the
transformed Einstein-Hilbert action. But as mentioned
above, there are problematic terms that pop out along
the way of computation. We deal with these terms in
Sec. 3. At the end of this section, we explain that the
resulting Einstein-Hilbert action describing the field φ
is stable. We state our concluding remarks in the last
section.
2 Transformation of the Scalar
Curvature
The Einstein-Hilbert action consists of the integral
measure involving the metric determinant and the
Ricci scalar. Knowing the metric disformal transfor-
mation, one can easily find the determinant. Much
of the calculations then involve finding the disformally
transformed Ricci scalar. Figure 1 shows the path-
way leading to R̂ and then finally to the transformed
Einstein-Hilbert action, starting from the transformed
metric ĝµν and its inverse ĝ
µν .
The transformed metric and its inverse metric are
needed for the calculation of the transformed Christof-
fel symbol Γ̂αµν .
Γ̂αµν =
1
2
ĝαβ
(
ĝβµ,ν + ĝνβ,µ − ĝµν,β
)
. (2)
With the Christoffel symbol in hand, the transformed
Ricci tensor R̂µν can be computed from the contraction
of the transformed Riemann curvature tensor R̂αµβν ,
which depends on Γ̂αµν and its derivatives.
R̂αµβν = −Γ̂αµβ,ν + Γ̂αµν,β − Γ̂ρµβΓ̂αρν + Γ̂ρµν Γ̂αρβ . (3)
Once R̂µν is known, the transformed Ricci scalar R̂
can be determined through the relation R̂ = ĝµνR̂µν .
This then, together with the expression for the trans-
formed metric determinant ĝ, leads to the transformed
Einstein-Hilbert action.
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Figure 1: Flow chart of the derivation for the disformal transformation of the Eintein-Hilbert action.
2.1 Metric Inverse and its
Determinant
Consider a square matrix M of dimensions n×n, where
n is a natural number and two column matrices u and
v both with dimensions n× 1. The inverse of the sum
M + uvT , where the superscript T denotes transposi-
tion, is given by the Sherman-Morrison formula:
(M+ uvT )−1 = M−1 − M
−1uvTM−1
1 + vTM−1u
. (4)
For the disformally transformed metric, ĝµν =
A(φ)gµν +B(φ)φ;µφ;ν , we may take M = {Agµν}, u =
{Bφ;µ}, and v = {φ;ν}, to calculate for ĝµν . It follows
that
ĝµν =
gµν
A
− 1
A2
Bgµαφ;αφ;βg
βν
1 + (B/A)gµνφ;µφ;ν
,
ĝµν =
1
A
(
gµν − B
A− 2BXφ
;µφ;ν
)
, (5)
where X ≡ − 12gµνφ;µφ;ν and the raised covariant
derivative index means φ;µ = gµαφ;α. Note that for
the inverse to exist, we must impose the requirements
A 6= 0 and A−2BX 6= 0. Furthermore, to preserve the
metric signature, the conditions given by A > 0 and
A− 2BX > 0, must hold [27].
The determinant of the disformally transformed
metric can be determined by using the equation given
by
det(M+ uvT ) = (1 + vTM−1u) det(M), (6)
which is a consequence of Silvester’s determinant the-
orem. Applying this relation for {ĝµν} we have for
det{ĝµν} = ĝ,
det{ĝµν} =
(
1 +
B
A
φ;νg
µνφ;µ
)
det{Agµν},
ĝ = A4
(
1− 2B
A
X
)
g. (7)
For the transformed integral measure in the Einstein-
Hilbert action, we have√
−ĝ d4x = A 32 (A− 2BX) 12√−g d4x = D3
√−g d4x,
(8)
where we have denoted D3 = A
3
2 (A − 2BX) 12 . The
condition stated above, A− 2BX > 0, further ensures
that the integral measure remains real.
2.2 Christoffel Symbol
The transformed Christoffel symbol, Γ̂αµν , follows the
same formula as that of the original Christoffel sym-
bol, but the inverse metric and metric (derivatives) now
“wear” a hat.
Γ̂αµν =
1
2
ĝαβ
(
ĝβµ,ν + ĝνβ,µ − ĝµν,β
)
(9)
Here, comma denotes partial differentiation; i.e., φ,ν =
∂φ/∂xν . Because ĝαβ = gµν/A + · · · and ĝµν =
Agµν + · · · according to (1) and (5), respectively, we
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can express Γ̂αµν in terms of the original Christoffel sym-
bol Γαµν plus some tensor terms. We have upon sub-
stitution from (1) and (5), and expanding the partial
derivatives,
Γ̂αµν =
1
2A
(
gαβ − B
A− 2BXφ
;αφ;β
)
× (A;νgβµ +Agβµ,ν +B;νφ;βφ;µ +Bφ;β,νφ;µ
+ Bφ;βφ;µ,ν +A;µgνβ +Agνβ,µ +B;µφ;νφ;β
+ Bφ;ν,µφ;β +Bφ;νφ;β,µ −A;βgµν −Agµν,β
− B;βφ;µφ;ν −Bφ;µ,βφ;ν −Bφ;µφ;ν,β
)
. (10)
Note that φ;µν = φ;µ,ν −Γαµνφ;α; as such, φ;µ,ν = φ;ν,µ.
Furthermore, B;µ = B
′φ;µ and A;µ = A′φ;µ, where
the prime indicates differentiation with respect to φ.
It follows that we can cancel all the terms with single
underline and combine the pair of double underlined
terms above. After expanding, regrouping terms, and
identifying the original Christoffel symbol, we find
Γ̂αµν = Γ
α
µν +
A′
2A
(
φ;νδ
α
µ + φ;µδ
α
ν
)− A′
2(A− 2BX)φ
;αgµν
+
AB′ − 2A′B
2A(A− 2BX)φ
;αφ;µφ;ν (11)
+
B
2(A− 2BX)φ
;α
(
φ;β,νgβµ + φ
;β
,µgνβ + φ
;βgµν,β
)
.
The Kronecker delta emerged from the metric contrac-
tion; e.g., gαβgβµ = δ
α
µ .
Observe that the last term in the last equation
above for Γ̂αµν involves partial derivative terms. From
the equation for covariant derivative, we can write
φ;β,ν = φ
;β
;ν − Γβνρφ;ρ. It follows that
φ;β,νgβµ + φ
;β
,µgνβ
=
(
φ;β ;ν − Γβνρφ;ρ
)
gβµ +
(
φ;β ;µ − Γβµρφ;ρ
)
gβν ,
= 2φ;µν − φ;ρ
(
Γµνρ + Γνµρ
)
,
= 2φ;µν − 12 φ;ρ
(
gµν,ρ + gρµ,ν − gνρ,µ
+ gνµ,ρ + gρν,µ − gµρ,ν
)
,
= 2φ;µν − φ;ρgµν,ρ. (12)
Substitution in the equation above for Γ̂αµν yields our
sought-for expression for the transformed Christoffel
symbol.
Γ̂αµν = Γ
α
µν +
A′
2A
(
φ;νδ
α
µ + φ;µδ
α
ν
)
− A
′
2(A− 2BX)φ
;αgµν
+
AB′ − 2A′B
2A(A− 2BX)φ
;αφ;µφ;ν
+
B
(A− 2BX)φ
;αφ;µν .
We remark that the difference Γ̂αµν −Γαµν is a tensor al-
though Γ̂αµν and Γ
α
µν are both non-tensorial in nature.
Moreover, Γ̂αµν retains the symmetry with respect to
the lower indices (µ, ν) as in Γαµν .
2.3 Ricci Tensor and Ricci Scalar
Given the transformed Riemann curvature tensor
R̂αµβν , the transformed Ricci tensor is simply the con-
traction of the indices (α, β); that is, R̂µν = R̂
α
µαν .
On the other hand,
R̂αµβν = −Γ̂αµβ,ν + Γ̂αµν,β − Γ̂ρµβΓ̂αρν + Γ̂ρµν Γ̂αρβ . (13)
If we let Γ̂αµν = Γ
α
µν + C
α
µν in (13) where
Cαµν =
A′
2A
(
φ;νδ
α
µ + φ;µδ
α
ν
)− A′
2(A− 2BX)φ
;αgµν
+
AB′ − 2A′B
2A(A− 2BX)φ
;αφ;µφ;ν
+
B
(A− 2BX)φ
;αφ;µν , (14)
then
R̂αµβν = R
α
µβν − Cαµβ,ν + Cαµν,β − ΓαρνCρµβ − ΓρµβCαρν
− CρµβCαρν + ΓαρβCρµν + ΓρµνCαρβ + CρµνCαρβ .
(15)
The right hand side involves partial derivative
terms. The tensorial nature of R̂αµβν can be made
manifest by noting that
Cαµβ;ν = C
α
µβ,ν + Γ
α
νρC
ρ
µβ − ΓρµνCαρβ − ΓρβνCαµρ
Cαµν;β = C
α
µν,β + Γ
α
βρC
ρ
µν − ΓρµβCαρν − ΓρνβCαµρ. (16)
Upon substitution of this pair of expressions in the
equation above for R̂αµβν and contracting the indices
(α, β) we find
R̂µν = R̂
α
µαν , (17)
4
= Rµν − Cαµα;ν + Cαµν;α − CρµαCαρν + CρµνCαρα,
which is now clearly a tensorial equation. We see that
R̂µν retains the symmetry with respect to its pair of
indices as in Rµν . The terms following Rµν are due to
the disformal transformation. They are functionals of
X and φ with the later being encoded in the conformal
factor A(φ) and disformal factor B(φ).
The calculation of the terms involving Cαµν in the
equation above for R̂µν takes some amount of space,
but for the most part, straightforward. For the sum
of the last two terms, namely, −CρµαCαρν +CρµνCαρα, we
have upon using (14) for Cαµν ,
− CρµβCαρν + CρµνCαρβ
=
A′gµν
2A(A− 2BX)2
[
A(BX;αφ
;α + 2A′X)
− 2X2(A′B +AB′)]
− φ;µφ;ν
2A2(A− 2BX)2
[
6A′BX2(A′B −AB′)
− 2AA′X(A′B − 2B′A)
− ABX;αφ;α(2A′B −AB′)−A2A′2
]
− B(φ;µX;ν +X;µφ;ν)
2A(A− 2BX)2
[
2X(AB′ − 2A′B) +A′A]
+
Bφ;µν
A(A− 2BX)2
[
2X2(A′B +AB′)
− A(2A′X +X;αφ;αB)
]
. (18)
We observe that all the terms on the right hand side are
symmetric with respect to the indices (µ, ν), consistent
with the symmetry of R̂µν .
The first two terms following Rµν in (17), namely,
Cαµα;ν and C
α
µν;α, require some attention because of the
existence of third order derivative terms. We have
Cαµα;ν =
φ;µφ;ν
A2(A− 2BX)2
(
2A2BB′′X2 − 2A2B′2X2
+ 6AA′′B2X2 − 6A′2B2X2 −A3B′′X
+ 2A2A′B′X − 7A2A′′BX + 6AA′2BX
+ 2A3A′′ − 2A2A′2)
− X;µφ;ν + φ;µX;ν
(A− 2BX)2
(
AB′ −A′B)
− 2B
2
(A− 2BX)2X;µX;ν
+
2A′A− (AB′ + 3A′B)X
A(A− 2BX) φ;µν
− B
A− 2BXX;µν ,
Cαµν;α =
2A′B −AB′
2A(A− 2BX) (φ;µX;ν + φ;νX;µ)
− 2A
′B −AB′
2A(A− 2BX) (φ)φ;µφ;ν
− B(2A
′B −AB′)
A(A− 2BX)2 (X
;αφ;α)φ;µφ;ν
+
φ;µφ;ν
(A− 2BX)2
[
2X2(BB′′ −B′2)
− X(AB′′ − 3A′B′ + 2A′′B) +AA′′ −A′2]
+
Bφ;αφ;µνα
A− 2BX −
A′(φ)gµν
2(A− 2BX)
− A
′B(X ;αφ;α)gµν
(A− 2BX)2
+
Xgµν
(A− 2BX)2
[
2X(A′B′ −A′′B)
+ AA′′ −A′2]+ B(φ)φ;µν
A− 2BX
+
2B2(X ;αφ;α)φ;µν
(A− 2BX)2 +
φ;µν
A(A− 2BX)2
[
4A′B2X2
− 2AX(AB′ +A′B) +A2A′]. (19)
Because X ≡ − 12gµνφ;µφ;ν , the derivative term X;µν
involves third-order derivative of φ. However, the com-
bination, −Cαµα;ν +Cαµν;α, eliminates these third-order
derivative terms through the definition of the Rie-
mann curvature tensor; in particular, given a tensor
[∇µ,∇ν ]V α = RαβµνV β . We have
X;µν + φ
;αφ;µνα = φ
;α
(
φ;µνα − φ;µαν
)− φ;αµφ;α;ν ,
X;µν + φ
;αφ;µνα = −φ;αφ;βRµανβ − φ;αµφ;α;ν , (20)
which no longer explicitly involves third-order deriva-
tive of φ.
Having settled the third order derivative terms, we
perform substitution from (19) and (18) in the equation
for the hatted Ricci tensor given by (17). We find
R̂µν = Rµν −D1Bφ;αφ;βRµανβ +D21D2X
[
(AA′B′
− 2AA′′B −A′2B)X +A2A′′]gµν
− 12D1A′(φ)gµν − 12D21A′B φ;αX;αgµν
+ 12D
2
1D
2
2φ;µφ;ν
[
6BX2(AA′B′ − 2AA′′B +A′2B)
− 2AX(AA′B′ − 5AA′′B + 5A′2B)]
− A2(2AA′′ − 3A′2) + 12D1D2(AB′ − 2A′B)(φ)φ;µφ;ν
5
+ 12D
2
1D2B(AB
′ − 2A′B)φ;αX;αφ;µφ;ν
− D21
[
(AB′ − 3A′B)X +AA′]φ;µν −D1Bφ;αµφ;αν
+ D1B(φ)φ;µν +D21B2 φ;αX;αφ;µν (21)
+ D21(AB
′ −A′B)φ(;µX;ν) +D21B2X;µX;ν ,
where
D1 ≡ 1
A− 2BX , D2 ≡
1
A
,
X(;µφ;ν) =
1
2
(X;µφ;ν +X;νφ;µ) (22)
To get the Ricci scalar, all that is left now is
to contract ĝµν and R̂µν . We have after some re-
arrangement, grouping, contraction, and using the def-
inition X ≡ − 12gµνφ;µφ;ν ,
R̂ = D2R− 2D1D2B φ;µφ;νRµν
− D21D2
[
2X(AB′ − 4A′B) + 3AA′]φ
+ D1D2B
[
(φ)2 − φ;µνφ;µν
]
+ 2D21D2B
2 φ;αX;αφ
+ D21D2(AB
′ − 4A′B)φ;αX;α
+ 2D21D2B
2X ;αX;α,
+ 3D21D2X
[
2X(A′B′ − 2A′′B) + 2AA′′ −A′2].
The transformed Ricci scalar is a sum of the original
Ricci scalar coupled with the inverse of the conformal
factor, D2R, and terms attributable to the disformal
transformation. These additional terms involve A and
B, and fundamentally depends on (φ,X) and their
derivatives. When B is set to vanish in the disformal
transformation, the equation above reduces to
R̂ =
R
A
+
3X
A3
(
2AA′′ −A′2)− 3A′
A2
φ, (23)
which is the familiar conformal transformation of the
Ricci scalar [1].
3 Connection with the
Horndeski Action and
Stability
The conformal transformation of the Einstein-Hilbert
action leads to an action with corresponding equations
of motion for φ that involve up to second order deriva-
tives only3. This implies stability. Classically, the Os-
trogradsky theorem [26] tells us that if the equation
of motion is up to second order only, the energy (cor-
responding to the Hamiltonian) is bounded from be-
low. From the perspective of quantum field theory, it
means the absence of (unphysical) ghost fields. Higher
order equations motion (greater than two) requires for
the action, constraints which are usually hard to find,
to remove physically undesirable degrees of freedom.
[28, 29, 30, 31].
The equations for R̂ and
√
−ĝ d4x in the preceding
section, lead directly to the disformally transformed
Einstein-Hilbert action given by
Ŝ =
∫ √
−ĝ d4x R̂,
Ŝ =
∫
D3
√−g d4x
{
D2R− 2D1D2B φ;µφ;νRµν
− D21D2
[
2X(AB′ − 4A′B) + 3AA′]φ
+ D1D2B
[
(φ)2 − φ;µνφ;µν
]
+ 2D21D2B
2 φ;αX;αφ
+ D21D2(AB
′ − 4A′B)φ;αX;α
+ 2D21D2B
2X ;αX;α (24)
+ 3D21D2X
[
2X(A′B′ − 2A′′B) + 2AA′′ −A′2]}.
Contained in this transformed action are terms that
could lead to equations of motion for φ that are higher
than second order in derivatives. To be clear, all deriva-
tive terms above involving φ are at most second or-
der. But as the Euler-Lagrange equation involves first
and second order covariant differentiations, question
may arise about the stability of the transformed action
above. Similar to that for the conformally transformed
Einstein-Hilbert action, this can be addressed for the
field φ by solving the equations of motion to explicitly
see if they are at most second order in nature. Alterna-
tively, we may attempt to “match” Ŝ to the Horndeski
action [32]; this is in fact, what we do below. Knowing
that this action is the most general scalar tensor action
involving a single scalar field that yields at most sec-
ond order equations of motion, if we can show that the
transformed action above is a special case of the Horn-
deski action, then that effectively solves the (possible)
stability issue.
One thing to note at this point is that the Horn-
deski action is composed of four sub-Lagrangians and
the entire action is form-invariant [27] under the dis-
formal transformation given by (1). In particular, the
Horndeski action SH is given by
SH =
∫
d4x
√−g (L2 + L3 + L4 + L5), (25)
3 The equation of motion for the metric is the well-known Einstein field equations which involve second derivatives of gµν
6
where
L2 = P, L3 = −G3φ,
L4 = G4R+G4,X [(φ)2 − φ;µνφ;µν ],
L5 = G5Gµνφ;µν − 1
3!
G5,X [(φ)3 − 3(φ)φ;µνφ;µν
+ 2φ;µαφ
;ανφ;µν ], (26)
with P, G3, G4, and G5 being functionals of (X,φ),
φ = gµνφ;µν , and Gµν is the Einstein tensor. The dis-
formal transformation of each term in the equation for
SH may generate third order derivative terms. Never-
theless, in combination, third order terms are cancelled
or absorbed through the Riemann curvature tensor,
and the transformed action (by regrouping the trans-
formed terms,) retains the same form as the original
Horndeski action.
For the case at hand, we have only one term to con-
sider, namely, the Einstein-Hilbert Lagrangian. It is a
special case of L4 where G4 = 1. With no “neighbour-
ing” term in sight to possibly help cancel some prob-
lematic terms in the transformation as in the case of
L54, it is interesting to know if the Einstein-Hilbert ac-
tion has the “special” feature of yielding a stable trans-
formed action under the disformal transformation. We
wish to demonstrate that this is indeed, the case. As
we have mentioned above, the calculation shall be by
way of “matching” it to the Horndeski action as the
latter’s special case.
Looking at the transformed Einstein-Hilbert action
given by (24), we see four terms that do not belong to
any of the sub-Lagrangians of the Horndeski action in
their current form. These terms are
− 2D1D2B φ;µφ;νRµν + 2D21D2B2 φ;αX;αφ (27)
+ 2D21D2B
2X ;αX;α +D
2
1D2(AB
′ − 4A′B)φ;αX;α
These terms are multiplied by D3
√−g in the trans-
formed action.
For the first term above, we express the Ricci tensor
in terms of derivatives of φ and perform integration by
parts. Denoting D4 = D1D2D3B we have∫ √−g d4x (− 2D4 φ;µφ;νRµν)
=
∫ √−g d4x (− 2D4 φ;νφ;µνµ + 2D4 φ;νφ;µµν),
=
∫ √−g d4x{− 2D4,φ φ;αX;α − 2D4,X X ;αX;α
− 2D4 [(φ)2 − φ;µνφ;µν ]
+ 4D4,φXφ− 2D4,Xφ;αX;αφ
}
(28)
The second and last terms inside the pair of curly
braces above cancel the second and third terms in (27)
(multiplied by D3).
The only unaccounted terms are those involving
φ;αX;α. Combining all these terms in the transformed
action, we have
−
∫ √−g d4xD21D22D3
× [(A− 2BX)(AB)′ + 3AA′B]φ;αX;α. (29)
Let us denote
F =
∫
dXD21D
2
2D3
[
(A− 2BX)(AB)′ + 3AA′B].
(30)
Because F = F (φ,X) then F,XX;α = F;α − F,φφ;α.
The last integral above involving φ;αX;α can then be
rewritten as
−
∫ √−g d4x [F;αφ;α − F,φ φ;αφ;α]
=
∫ √−g d4x [F (φ)− 2XF,φ]. (31)
Using this equation and the last of (28) in the equa-
tion for Ŝ given by the second of (24), we can rewrite
the transformed Einstein-Hilbert action as
Ŝ =
∫ √−g d4x{D2D3R
− D1D2D3B
[
(φ)2 − φ;µνφ;µν
]
+ D1D
2
2D3
[
2X(AB)′ − 3AA′]φ+ Fφ
+ 3D21D2D3X
[
2X(A′B′ − 2A′′B)
+ 2AA′′ −A′2]− 2XF,φ}.
Comparing it with the Horndeski action given by (25)
and (26), we identify the terms in the Lagrangian in Ŝ
above as
L2 ⊂ 3D21D2D3X
[
2X(A′B′ − 2A′′B) + 2AA′′ −A′2]
− 2XF,φ
L3 ⊂ D1D22
[
2X(AB)′ − 3AA′]φ+ Fφ,
L4 ⊂ D2D3R−D1D2D3B
[
(φ)2 − φ;µνφ;µν
]
. (32)
Note that taking D2D3 as a special case of G4 we find
(D2D3),X = −D1D2D3B, justifying the identification
for L4 given by the last line above. Hence, with the
transformed Einstein-Hilbert action Ŝ being a special
4 The pair of terms in L5 work in tandem to cancel problematic terms in L̂5; the same goes for the pair of terms in L̂4, for
instance, given a general form of G4 = G4(φ,X).
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case of the Horndeski action, all the equations of mo-
tion for φ are second order in derivative terms; Ŝ de-
scribes a stable scalar tensor theory.
It is worth contemplating whether we could
end up with the same conclusion had we started
with
∫ √−g d4xG4(φ,X)R instead of simply∫ √−g d4xG4R—the Einstein-Hilbert action. The
former describes a field φ nonminimally coupled with
gravity. The corresponding Lagrangian is also a special
case of L4 as that of the Lagrangian in the Einstein-
Hilbert action. As it turns out, the disformal trans-
formation of
∫ √−g d4xG4(φ,X)R leads to terms in-
volving G4,X in the process of simplifying the term
involving φ;µφ;νRµν , similar to what we have done
for the transformed Einstein-Hilbert action above. In
particular, we have the extra terms given by
− 2D1D2D3G4,X BX;αX ;α
− 2D1D2D3G4,XB φ;αX;αφ. (33)
Given that G4 is a general functional of (φ,X),
these cannot be canceled by considering terms in
the transformed
∫ √−g d4xG4(φ,X)R alone; a pair
of “counter terms” is necessary. Such pair of
“counter terms” emerges from the transformation of∫ √−g d4xG4,X [(φ)2 − φ;µνφ;µν ]. It is thus, fitting5
that the fourth sub-Lagrangian in the Horndeski action
include G4,X [(φ)2 − φ;µνφ;µν ].
4 Concluding Remarks
We live in a complicated universe and our ever-evolving
theories describing it may only asymptotically ap-
proach its “true” nature. Einstein made a significant
leap for humankind when he discovered the general the-
ory of relativity that we eventually used (and is still be-
ing used) in describing the dynamics of the Universe.
Although we made great strides in understanding it
through relativity, there remains big puzzles such as
the problem of dark energy and dark matter, that we
need to solve. Disformal transformation plays a signif-
icant role in scalar tensor theories attempting to solve
these problems. These theories involve actions that are
generalizations of the Einstein-Hilbert action. Similar
to that of conformal transformation, disformal trans-
formation functions to relate one theory to another and
serves as a symmetry transformation for physical ob-
servables such as the power spectrum for the primordial
cosmological perturbations.
While the topic of conformal transformation is (al-
most) a standard part of mainstream graduate texts
on gravity and modern cosmology, its generalization
to disformal transformation is yet to penetrate these
texts. In this paper, we present a pedagogically ori-
ented derivation of the disformal transformation of the
Einstein-Hilbert action. The idea is that while this
transformation is more complex in nature, by follow-
ing the same logic as that for conformal transforma-
tion, the transformation of the Einstein-Hilbert action
can be calculated, albeit with some problematic terms.
These problematic terms, with the trick involving the
use of the definition of the Riemann curvature ten-
sor and simple integration by parts, can be dealt with
properly leading to an apparently stable action.
We have not directly related disformal transforma-
tion and scalar tensor theories with the problem of dark
energy and dark matter. But for this, research papers
abound. And due to its overly complex nature, the ap-
proach of wordy but smooth explanations definitely de-
serves a book of its own. Here, owing the limit in focus
and limit in space, we would like to content ourselves
with the idea of extending calculations involving con-
formal transformation commonly found in mainstream
graduate texts to the disformal transformation of the
Einstein-Hilbert action. We hope that graduate stu-
dents aiming to venture into modern cosmology may
find this paper illuminating.
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